Abstract. A classical model for water-gas flows in porous media is considered. The degenerate coupled system of equations obtained by mass conservation is usually approximated by finite volume schemes in the oil reservoir simulations. The convergence properties of these schemes are only known for incompressible fluids. This chapter deals with construction and convergence analysis of a finite volume scheme for compressible and immiscible flow in porous media. In comparison with incompressible fluid, compressible fluids requires more powerful techniques. We present a new result of convergence in a two or three dimensional porous medium and under the only modification that the density of gas depends on global pressure.
Introduction
Mathematical study of a petroleum-engineering schemes takes an important place in oil recovery engineering for production of hydrocarbons from petroleum reservoirs. In soil mechanics, engineers study the air-water flow in soils and they prefer the use of a two phase flow model. More recently, due to the effects of global warming on climate change, two and multi-phase flow has been receiving an increasing attention in connection with the disposal of radioactive waste and sequestration of CO 2 .
It has been shown that the governing equations describing two incompressible (compressible) phase flow in porous media can be written in a fractional flow formulation, i.e., in terms of global pressure and saturation and that formulation has been studied; For incompressible flow and from a mathematical point of view [?, 23] and it has been used in numerical codes [21, 22, 20] . For immiscible and compressible two-phase flows (e.g., air, water), Ewing and al. in ([28] , [25] ) follow the ideas of Chavent by considering global pressure and saturation as unknowns of the system. This formulation leads to a global pressure equation coupled to the water saturation equation. The authors proposed a finite element and finite difference method to solve the saturation equation and a mixed finite element to approximate the global pressure equation. Note that the global pressure reads as a parabolic equation with a source term involving the evolution of the capillary pressure term. This evolution term is approached by Picard iterations. This algorithm converges numerically and suggests a continuous dependence on the capillary terms and legitimates some approximations for small capillary pressure.
Further, it has been proven that this fractional flow approach is far more efficient than the original two-pressure approach from the computational point of view [24] and the references cited therein. For compressible flow and from mathematical point of view, the fractional flow formulation is sufficient enough at least for slightly compressible gas, i.e, when the density of gas depends on the global pressure [32, 33] . More recently and under the context of theoretical study of compressible flow in porous media, the two-pressure approach has been treated by Z. Khalil, M. Saad [35, 36] . In this paper, we consider immiscible two-phase flows; the gas phase is considered to be compressible and the water one to be incompressible. The model is derived by using the global pressure notation and is justified at least for slightly compressible gas. The system represents two kinds of degeneracy. The first one is the classical degeneracy of the diffusion operator in saturation due to the capillary effect. The second one represents a degeneracy in the evolution term in pressure occurring in the region where the gas saturation vanishes: A classical compactness result on pressure is missed in the region where the gas phase is missing.
The aim of the present paper is to show that the approximate solutions obtained with the proposed upwind finite volume scheme (3.5)-(3.6), converges as the mesh size tends to zero, to a solution of system (2.1)-(2.2) in an appropriate sense defined in Section 2. In Section 3 we introduce the finite volume discretization, the numerical scheme and state the main convergence results. In Section 4, maximum principle on saturation is attained and a priori estimates on the discrete gradient of the capillary term and on the discrete gradient of the global pressure are derived as the continuous case in C. Galusinski, M. Saad [33] . In Section 5, a well posed-ness of the scheme is inspired by H. W. Alt, S. Luckhaus [?] . Section 6 is devoted to a space-time L 1 compactness argument, in this section we follow B. Andreianov, M. Bendahmane and R. Ruiz-Baier []. Finally, the passage to the limit on the scheme needs a powerful techniques due to the lack of compactness result on global pressure in the region where the saturation of gas vanishes, and this performed in section 7.
The mathematical formulation
The fractional flow formulation describing the immiscible displacement of two compressible and incompressible fluids are given by the following mass conservation of each phase [33] :
1)
∂ t (φs) + div(KM 2 (s)∇p) − div(Kα(s)∇s) + div(Kρ 2 M 2 (s)g) + sf P = f P − f I . (2.2) where φ and K are the porosity and absolute permeability of the porous medium; ρ, ρ 2 , p and s are respectively the densities of gas and water (density of water is constant), the global pressure and the saturation of gas; f P , f I , M 1 , M 2 and g are respectively the production and injection source terms, the mobilities of gas and water and the gravity term. To define the capillary term α, let us denote by p 1 , p 2 to be respectively the pressures of gas and water phases. Thus, we define the capillary pressure and the total mobility as p 12 (s(t, x)) = p 1 (t, x) − p 2 (t, x) (2.3) M(s) = M 1 (s) + M 2 (s) (2.4) and the function s → p 12 (s) is non-decreasing ( dp 12 ds (s) ≥ 0, for all s ∈ [0, 1]). In this paper, the forced displacement of fluids is modellized. It is used in many enhanced recovery processes: a fluid, such as water, is injected into some wells in a reservoir while the resident hydrocarbons are produced from other wells. Now we define the capillary term α(s) = M 1 (s)M 2 (s) M(s) dp 12 ds (s) ≥ 0 defining a functionp(s) such that dp ds (s) = M 1 (s) M (s) dp 12 ds (s), and setting p = p 2 +p, named global pressure [23] . Thus, each phase velocity given by Darcy's law can be written as
Note that this system is strongly degenerate. In fact, the lack of coercivity of the degenerate diffusion term div(Kα(s)∇s) is classical for incompressible flows. An additional difficulty is due to the degeneracy of the time derivative term φ(x)∂ t (ρ(p)s) which vanishes in the region where s = 0. Another difficulty seems to be the degenerate diffusive pressure term div(Kρ(p)M 1 (s)∇p) in (2.1) where the mobility of the gas phase M 1 vanishes in s = 0. In fact, a pressure diffusion term appears also in the saturation equation (2.2) with the term div(KM 2 (s)∇p). An energy estimate coupling the two equations (2.1)-(2.2) lets appear a non-degenerate dissipative pressure term (see section 4).
Consider a fixed time T > 0 and let Ω be a bounded set of
To the system (2.1)-(2.2) we add the following mixed boundary conditions and initial conditions. We consider the boundary ∂Ω = Γ w ∪ Γ i , where Γ w denotes the water injection boundary and Γ i the impervious one.
where n is the outward normal to the boundary Γ i . We force a constant pressure (shifted at zero) along the time on the region of water injection. Initial condition:
We are going to construct a finite volume scheme on orthogonal admissible mesh, we treat here the case where
where k is a constant positive. For clarity, we take k = 1 which equivalent to change the scale in time. In remark 7.1 we give the scheme where k is a function depending on space.
Next we introduce some physically relevant assumptions on the coefficients of the system.
(H1) The porosity φ belongs to L ∞ (Ω) and there exist two positive constants φ 0 and φ 1 such that φ 0 ≤ φ(x) ≤ φ 1 a.e. x ∈ Ω. 
(H3) The function α ∈ C 2 ([0, 1]; R + ) satisfies α(s) > 0 for 0 < s ≤ 1, and α(0) = 0.
We define β(s) = s 0 α(z)dz and assume that β −1 is an Hölder function of order θ, with 0 < θ ≤ 1 on [0, β(1)]. This means that there exists a positive c such that for all
The density ρ is a C 1 (R) function, increasing, and there exist
The assumptions (H1)-(H5) are classical for porous media. Especially, a practical sufficient condition to handle (H3) is to consider that α is an Hölder function at s = 0. This contains several relevant physical cases of two-phase flows in porous media (see [23, 
this is an Hilbert space when equipped with the norm u
In the next section we introduce the existence of solutions to system (2.1)-(2.2) under the conditions (H1)-(H5). For all K ∈ T , let by x K denote the center of K, N(K) the set of the neighbors of K i.e. the set of cells of T which have a common interface with K, by N int (K) the set of the neighbors of K located in the interior of T , by N ext (K) the set of edges of K on the boundary ∂Ω.
Figure 1: Control volumes, centers and diamonds
For all K ∈ T , we denote by |K| the measure of K. The admissibility of T implies that Ω = ∪ K∈T K, K ∩ L = ∅ if K, L ∈ T and K = L, and there exist a finite sequence of points (x K ) K∈T and the straight line x K x L is orthogonal to the edge σ K,L . We also need some regularity on the mesh:
We denote by H h (Ω) ⊂ L 2 (Ω) the space of functions which are piecewise constant on each control volume K ∈ T . For all u h ∈ H h (Ω) and for all K ∈ T , we denote by
2 , we define the following inner product:
In the case of homogeneous Neumann boundary condition, for example ∇u · η = ∇v · η = 0 on
And in the case of homogeneous Dirichlet boundary condition
We define a norm in H h (Ω) by
Finally, we define L h (Ω) ⊂ L 2 (Ω) the space of functions which are piecewise constant on each control volume K ∈ T with the associated norm 
The discrete gradient ∇ h u h of a constant per control volume function u h is defined as the constant per diamond T K,L IR l -valued function with values
Notice that :
The discrete divergence of the field F h is defined as the discrete function w h = div h F h with the entires
A key point of the analysis of the two-point finite volume schemes is the following kind of discrete duality property :
Proof.
) by means of the values s K , s L and p K , p L that are available in the neighborhood of the interface σ K,L . To do this, let us use some function
, satisfies the following properties:
(3.1) [10] .
In our context, one possibility to construct the numerical flux G i satisfying (3.1) is to split M i in the non-decreasing part M i↑ and the non-increasing part M i↓ :
Herein, s + = max(s, 0) and s − = max(−s, 0). Then we take
which leads to,
Note that the function s → M 1 (s) is non-decreasing, and the function s → M 2 (s) is nonincreasing which lead to the monotony property of the function G i . Furthermore, depending on the assumption (H2) on the total mobility we have,
The next goal is to discretize the problem (2.1)-(2.2). We denote by D an admissible discretization of Q T , which consists of an admissible mesh of Ω, a time step ∆t > 0, and a positive number N chosen as the smallest integer such that N∆t ≥ T . We set,
A finite volume scheme for the discretization of the problem (2.1)-(2.2) is giving by the following set of equations with unknowns
and
where
by an upwind scheme :
and similarly F n+1 2,K the approximation of
Note that the numerical fluxes to approach the gravity terms F 1 , F 2 are nondecreasing with respect to s K and nonincreasing with respect s L . We extend the mobility functions s → M 1 (s) and s → M 2 (s) outside [0, 1] by continues constant functions as follows, The approximate solutions, p δt,h , s δt,h : IR
for all x ∈ K and t ∈ (n∆t, (n + 1)∆t).
The main result of this paper is the following theorem. 
A priori estimates
We are now concerned with a uniform estimate on the discrete gradient of β(s), and on the discrete gradient of the global pressure p.
Nonnegativity
We aim to prove the following lemma which is a basis to the analysis that we are going to perform.
Proof. Let us show by induction in n that for all K ∈ T , s n K ≥ 0. The claim is true for n = 0 and for all K ∈ T . We argue by induction that for all K ∈ T , the claim is true up to order n. We consider the control volume K such that s − , we obtain
The numerical flux G 1 is nonincreasing with respect to s n+1 L (see (a) in (3.1)), and consistence (see (c) in (3.1)), we get
Using the identity s
Then, we deduce from (4.10) that
and from the nonnegativity of s n K , we obtain (s
To prove that s n+1 K ≤ 1 for all n ∈ [0, N − 1] and K ∈ T . We argue by induction that for all
For the mentioned claim, we multiply the equation in (3.6) by (s
Since β is nondecreasing, we get β(s
Next, we use the fact that the numerical flux G 2 is nondecreasing with respect to s 
now, we rely on the extension of the mobility M 2 by zero on
It is clear that the production source term in the left hand side of (4.14) is nonnegative and the injection source term on the right hand side is nonpositive. Using the above estimates to deduce from (4.14) that,
Using again the identity (s
Discrete a priori estimates
Let us recall the following two lemmas ::
(Discrete Poincaré inequality) [10] Let Ω be an open bounded polygonal subset of IR d , d = 2 or 3, T an admissible finite volume mesh in the sense given in the section 3, and let u be a function which is constant on each cell
where 
and let ϕ be a function which is constant on each cell
Proof. The sum K∈T L∈N (K) can be reorganized by edge. In fact, on each edge σ K,L between the mesh K and L, there are two contributions :
Using now the fact that F K/L is antisymmetric, then we have
Finally, reorganise the last summation on edge by mesh, we obtain exaclty (4.19). The equality
We derive in the next proposition, the main uniform estimates on the discrete gradient of the capillary term β(s) and the discrete gradient of the global pressure p.
..,N } , be a solution of the finite volume scheme (3.5)-(3.6). Then, there exist a constant C > 0, depending on Ω, T , s 0 , p 0 and α such that
where B ′ (s) = β(s), and
Proof. To prove the estimate (4.23), we multiply the gas discrete equation (3.5) and the water discrete equation (3.6) respectively by p
and adding them, then summing the resulting equation over K and n, and this yields to,
Integrating by parts, see lemma 4.3, we obtain
Due to the correct choice of the density of the gas on each interface,
The choice of the density on the interfaces is the key point to vanish the dissipative term on saturation and obtain a uniform estimate on the discrete gradient of pressure p.
Using the fact that the numerical fluxes G 1 and G 2 are conservative in the sense of (c) in (3.1), we can apply lemma 4.3 and we obtain
this with the hypothesis (H 5) allow us to deduce that,
To handle the other terms of the equality (4.25), firstly let us remark that the numerical flux satisfies
2,L,K , so we integrate by parts and we obtain
use now the fact that the mobilities and densities are bounded from (H2)-(H5), and the map g is uniformly Lipschitz, we have, there exists a positive constant independent of ∆t and h such that
, and apply the Cauchy-Schwarz inequality to obtain
The last term will be absorbed by the dissipative term on global pressure from the estimate (4.29). In order to estimate E 5 , using again the fact that the densities are bounded and the map g is sublinear (i.e.|g(p)| ≤ C|p|), we have
we apply Holder inequality to deduce,
Now, from the discrete Poincaré inegqality lemma 4.2, leads to,
where C 2 is a constant depends only on f P + f I L 2 (Q T
.), we get
this estimate (4.30), with (4.27), (4.28) and (4.29) achieve the proof of (4.23).
To prove the estimate (4.24), we multiply the water discrete equation in (3.6) by β(s n+1 K ) then summing the resulting equation over K and n, and this yields to
Applying lemma 4.3, we obtain
(4.33)
The other terms in the equality (4.31) can be treated as (4.30), using Holder's and Young's inequalities with the help of lemma 4.2 and the assumptions on mobilities (H2), source terms (H3) and densities (H5) to get,
Now, collecting (4.32), (4.33) and (4.34) we obtain,
for some constant C ≥ 0. This concludes the proof of proposition 4.1.
Existence of the finite volume scheme
The existence of a solution to the finite volume scheme will be obtained with 
Then there exists ξ ∈ A with ξ ≤ r such that
The existence for the finite volume scheme is given in Proof. At the beginning of the proof, we set the following notations;
where,
Note that T h is well defined as a continues function. Also we define the following homeomorphism F :
Now let us consider the following continues mapping P h defined as
Our goal now is to show that, 37) and for a sufficiently large r.
We observe that
for some constants C(m 0 , ρ m ), C > 0. This implies that
for some constants C, C ′ > 0. Finally using the fact that g is a Lipschitz function, then there exists a constant C > 0 such that
.
Using this to deduce from (5.38) that (5.37) holds for r large enough. Hence, we obtain the existence of at least one solution to the scheme (3.5)-(3.6).
Space and time translation estimates
In this section we derive estimates on differences of space and time translates of the function
. We replace the study of discrete functions
For a given discrete field
, its discrete divergence is defined as a discrete function with entries on each control volume K;
Observe that we can write the discrete scheme (3.5)-(3.6) in the following from:
We also extendŪ
h by the constant in time value U h,N h +1 on [∆t(N h +1), +∞); as to F 1,h , F 2,h , f 1,h and f 2,h , they are extended by zero values for t > ∆t(N h +1). The above definitions permit us to rewrite the equations (3.5)-(3.6) under the form Lemma 6.1. There exists positive a constant C > 0 depending on Ω, T , u 0 and v 0 such that
for all y ∈ IR 3 with Ω ′ = {x ∈ Ω, [x, x + y] ⊂ Ω}, and
for all τ ∈ (0, T ).
Proof. The proof is similar to that found in, e.g, [8] . Proof of (6.40). First to simplify the notation, we write
Let y ∈ IR 3 , x ∈ Ω ′ , and L ∈ N(K). We set
We observe that (see for more details [10] )
With this and an application of the Cauchy-Schwarz inequality leads to
for some constant C > 0. In addition, we have
where U 0 = ρ(p 0 )s 0 B(s 0 ) and Ω ′ ∆ = {x ∈ Ω, dist (x, Ω ′ ) < |∆|}. By (6.40), the assumption ∆t h → 0 as h → 0 and the boundedness of (u
, then the space translates ofŪ h on Ω ′ are estimated uniformly for all sequence (h i ) i convergent to zero. In the sequel, we drop the subscript i in the notation.
Proof of (6.41). Now we show a uniform estimate of the time translates of (Ū h ) h :
uniformly in h. Here ω : R + −→ R + is a modulus of continuity, i.e., lim
Let us construct ω(·) verifying (6.44). First fix h and fix ∆ ∈ (0, τ ]. Denote by I h (∆) the left-hand side of (6.44). For t ≥ 0, set
Take a standard family (ρ δ ) δ of mollifiers on IR l defined as ρ δ (x) := δ −l ρ(x/δ), where ρ is a Lipschitz continuous, nonnegative function supported in the unit ball of IR l , and IR l ρ(x) dx = 1. In particular, we have
Here and throughout the proof, C will denote a generic constant independent of h and δ. For all t > 0, define the function ϕ(t, ·) : IR l −→ IR by ϕ(t) := ρ δ * (sign w h (t)11 Ω ′ ). In order to lighten the notation, we do not stress the dependence of ϕ on h and δ. Discretize ϕ(t, ·) on the mesh T h by setting ϕ K (t) = 1 |K| K ϕ(t, x) dx; we denote ϕ h (t) the corresponding discrete function.
Denote size (T h ) := max K∈T h diam (K). By the definition of ϕ(t, ·), the discrete function
is null on the set x ∈ Ω dist (x, Ω ′ ) ≥ δ + size (T h ) , for all t. Thus for all sufficiently small h and δ, the support of ϕ h (t) is included in some domain Ω ′′ , Ω ′′ ⊂ Ω. Note that
Now for for all x ∈ K, we multiply equation (6.39) by |K|ϕ(t) K , integrate in t on [s, s + ∆], and make the summation over all K. Finally, we integrate the obtained equality in s over IR
Denote by I h δ (∆) the left-hand side of (6.45). Denote Q ′′ = (0, (N h +1)∆t)×Ω ′′ . Using hypothesis the definitions of discrete norms and the Fubini theorem, we get
Now the the L
for all h and δ small enough, uniformly in h. Now, notice that by the definition of ϕ K (t),
Starting from this point, the argument of Kruzhkov Ref.
[?] applies exactly as for the "continuous" case. Set U
δ small enough. Notice that without loss of restriction, the boundary of Ω ′ can be chosen regular enough so that to ensure that meas (U ′ δ ) goes to zero as δ → 0. By the result of
Step 1 of the lemma and the Frechet-Kolmogorov theorem, the family 
the first term in the right-hand side accounts for the action of the truncation 11 Ω ′ in the definition of ϕ. Using the standard properties of ρ δ , we infer
Now note the key inequality:
Setting σ := (x−y)/δ, we infer
where ω(·) is the modulus of continuity controlling the space translates ofū h in Ω ′ . Indeed, by Steps 1 and 2 of the proof, one can choose ω(·) independent of h. Combining (6.46) with (6.49), we conclude that the function
upper bounds the quantity I h . Because ω(τ ) tends to 0 as τ → 0, this proves (6.44). 
Furthermore,
Finally, we have,
Proof. For the first convergence (7.50) it is useful to introduce the following inequality, for all a, b ∈ IR,
Applying this inequality to a = u
, from the definition ofŪ h we deduce
Since ∆t h tends to zero as h → 0, estimate (6.44) in Lemma 6.1 implies that the right-hand side of the above inequality converges to zero as h tends to zero, and this established (7.50). By the Riesz-Frechet-Kolmogorov compactness criterion, the relative compactness of
is a consequence of Lemma 6.1. Now, the convergence (7.51) in L 1 (Q T ) and a.e in Q T becomes a consequence of (7.50). Due to the fact that U h is bounded, we establish the convergence in L 1 (Q T ). In order to prove the third convergence (7.52), we reproduce the previous lemma 6.1 for U h = s h B(s h ), and as an application of the Riesz-Frechet-Kolmogorov compactness criterion we establish (7.52).
For the weak convergence of the discrete gradient of the global pressure, let us recall the piecewise approximation ∇ h p h of ∇p h in Q t :
for all K ∈ T and 0 ≤ n ≤ N h . It follows from proposition 4.1 that, the sequence (
, and as a consequence of the discrete Poincar inequality, the sequence
such that (7.55) holds and
It remains to identify ∇p by ζ in the sense of distributions. For that, it is enough to show as h → 0:
Let h be small enough such that ϕ vanishes in
Now, from the definition of the discrete gradient,
Then,
Due to the smoothness of ϕ, one gets 1
and the Cauchy-Scharwz inequality with proposition 4.1
Now, for the identification of the limit (7.58): Due to the monotonicity of the function ρ, we have
this with the strong convergence (7.51) and the weak convergence (7.55) lead to,
letting δ goes to zero, we establish (7.58).
To conclude the a.e. convergence (7.59),on one hand, when s h → s = 0 a.e.,
(since f 2 (0) = 0 and f 1 is bounded). On the other hand, when s h → s = 0, in light of (7.51) we have
continuous and this establish (7.59).
Theorem 7.1. Assume (H1)-(H5) hold. Then the functions p,s defined in proposition 7.1 constitute a weak solution of the system (2.1)-(2.2).
Proof. Let T be a fixed positive constant and ϕ ∈ D([0, T ) × Ω).
• Convergence of the discrete water equation For the discrete water equation, we multiply the equation (3.6) by ∆tϕ(t n+1 , x K ) for all K ∈ T and n ∈ {0, . . . , N}. This yields
Performing integration by parts and keeping in mind that ϕ(T, x K ) = 0 for all K ∈ T , we obtain
Let us also introduce
Now and due to the fact that the saturation and the porosity functions are bounded, we have
using that the function ϕ is regular enough, we get
By the regularity of ϕ, there exists a positive constant C such that |ϕ(0,
Sending h → 0 in the above inequality, we get
Combining (7.60) with (7.61), we obtain
but, C h, * 1 can be written equivalently,
Since the bounded functions φ h and s h converge almost everywhere respectively to φ and s, and as a consequence of Lebesgue dominated convergence theorem, we get
Now, let us show that
Integrating by parts
since each term corresponding to the diamond T K,L appears twice,
Observe that from the continuity of ϕ we get (∇ϕ) h → ∇ϕ in L ∞ (Q T ). Hence the convergence (7.63) is a consequence of (7.53). Now, we show the convergence of the flux,
Perform integration by parts (4.19), thanks to the consistency of the fluxes, we obtain
For each couple of neighbours K, L we denote s and we introduce,
Define s h and s h by
Now, C h, * 3 can be written under the following continues form,
By the monotonicity of β and thanks to the estimate (4.24), we have
Since β −1 is continues, we deduce up to a subsequence,
Moreover, we have; s h ≤ s h ≤ s h and s h → s a.e. on Q T . Consequently, and due to the continuity of the mobility function M 2 we have M(s h ) → M(s) a.e. on Q T and in L p (Q T ) for p < +∞. Using proposition 7.1 (7.54) and the strong convergence of (∇ϕ) h to ∇ϕ, we obtain that
It remains to show that lim
By the properties of the numerical flux function (3.1) we have
Consequently,
Applying the Cauchy-Schwarz inequality, and thanks to the uniform bound on ∇ h p h and the convergence (7.65), we establish (7.66). Now, we treat the convergence of the gravity term
Perform integration by parts (4.19),
We introduce,
relying on the assumption (H2), that the mobility functions are Lipschitz, and β −1 is a Holder function, we deduce that
this yields to
Using estimate (4.24), and Cauchy Schwarz inequality, then
For the convergence of the source terms, C h 5 + C h 6 can be written equivalently,
Now, we introduce
Due to regularity of ϕ we obtain,
and this ensures,
We can write equivalently,
Finally, by the convergence of the saturation function we get,
• Convergence of the discrete gas equation
Multiplying the discrete gas equation (3.5) by ∆tϕ(t n+1 , x K ) for all K ∈ T and n ∈ {0, . . . , N}. Summing the result over K and n yields
Now, due to the fact that the saturation function is bounded and the assumptions (H1),(H5)on the porosity and the density, we have can be written equivalently,
h converge almost everywhere respectively to φρ(p)s and φρ(p 0 )s 0 , and as a consequence of Lebesgue dominated convergence theorem, we get
where where
where β The sequence (ρ(p h )) h is bounded then
Using the fact that ρ ′ (.) is bounded, we have
and using the estimate (7.54), we deduce that ∇ h ρ(p h ) is bounded in L 2 (Q T ) and converges weakly to a function ξ in L 2 (Ω); and from (7.76) we deduce that ξ = ∇ρ ⋆ weakly. Recall that
Let us show for β(s h ) =
, that
In fact, 
K,L . This expression can be rewritten as
and from hypothesis (H5), the function ρ is monotone and uniformly Lipschitz, then there exists a positive such thatρ which goes to zero when h goes to zero. This convergence combined with the weak convergence (7.54) and the strong convergence of (∇φ) h in L ∞ (Q T ) shows that 
Now, we consider the following approximation
and,
In (7.82), we take the harmonic average on the interfaces in order to ensure the conservation of numerical fluxes.
